In this paper we develop a theory of composition of default specifications. This theory generalizes the work by Goguen and Burstall, where specifications written in an arbitrary logical system (institution) are structured as combinations of theories. It extends the classical composition by allowing partial re-use (and overriding) of specification modules. The modularisation units are hierarchic specifications, i.e. axioms and defaults organized by priority levels. The semantics are given by default institutions, which are a generalisation of institutions in order to enable partial reuse of specifications. Composition is formalized by the use of appropriate categories, both at the syntactic and semantic levels. The theory of composition with overriding is illustrated with an example of an object-oriented specification.
Introduction
Large specifications must be structured in independent, reusable modules in order to ensure modularity and reusability. Modularity enables large specifications to be split into smaller parts, where each part is well-defined in itself. This allows specifications to be developed in an incremental way, where different modules are elaborated independently. Large specifications are then built from small, understandable pieces, which ameliorate the difficulties in producing consistent, rigorous specifications that reflect the users' requirements. Reusability is important where many specifications share big parts, as these need not be recreated.
In order to get the desired levels of modularity and reusability, we need to say how to form larger specifications from smaller modules. Therefore, an essential purpose of a specification language is to say how to assemble theories to make new and larger specifications. Moreover, and having this purpose in mind, much of the syntax and semantics of specifications does not depend upon the logical system in which the theories are expressed. Institutions [7] provide a foundation for approaching these problems. They provide a way of talking about the informal notion of a 'logical system' and a way of 'gluing' together theories using colimits in order to form larger specifications.
Although institutions provide a way of structuring specifications, they allow existing specifications to be enriched but not modified. In [13] , default institutions are proposed as a complementary structure that allows partial reuse of existing specification modules: a 'default' module is used as a template that can be modified by introducing specific exceptions to suit the needs of the application at hand. Default institutions are a generalisation of the concept of institution presented in [7] . In addition to the usual components of institutions, they include a notion of distance between morphisms of interpretations. This notion of distance is used in order to choose the models of the exception closest to the models of the default module.
In this paper, we develop a theory of composition of default specifications, which general-izes the existing theory of composition of presentations in classical logic. The modularisation units for this theory are the hierarchic specifications as they were defined in [2] . Hierarchic specifications consist of axioms and defaults, the latter being organized by priority levels. The semantics are given by structures of morphisms, and they are based on the underlying default institution. Mechanisms for constructing large specifications from already available smaller theories is formalized through using colimits in the category of theories (in this case closed hierarchic specifications). In order to establish these constructions, we begin by defining the syntactic and semantic categories. Syntactic concepts (and operations) have corresponding concepts (and operations) in the semantic category.
The work in this paper is inspired by Dionísio [5] , but it extends his work in different directions. Dionísio also uses hierarchic specifications as modularisation units. However, in spite of the syntactic entities being the same, the semantics are given in terms of a preferential ordering between the interpretations, while the semantics developed here have their root in the default institutions. Preferential models are a particular case of default institutions [9] . By choosing an appropriate distance function between interpretation morphisms, default institutions allow a finer distinction between different models of default specifications. For example, in [5] interpretations are ordered according to the defaults they satisfy. This seems too coarse [11] , as we might consider several degrees of satisfiability of a default. As an example consider a (temporal) default that says that a certain property Ô should always be true ( Ô). The case where Ô is always true except once is very different from that one where Ô is always false, although in both situations the default is not satisfied. It is then important to distinguish these cases, which can be done in the framework developed here but not in [5] . The theory of composition developed here is then more general and more suitable for some types of specifications, in particular specifications with temporal aspects or reactive systems. This paper is organized as follows. Section 2 is devoted to institutions [7] and default institutions [13] , and it mainly recalls definitions from the works cited. The definition of default institution is slightly different from the original definition [13] , as here it arises as a natural extension of institutions.
Section 3 presents the modularisation units of the theory of composition being developed, namely hierarchic specifications, and their semantics, the structures of morphisms.
An important property of the semantics of composition of hierarchic specifications is the fact that the semantics of the composite depend only on the semantics of each part. In Section 4 we display a Galois connection between hierarchic specifications and structures of morphisms that ensures that this is true. This Galois connection generalizes the corresponding property of classical presentations.
In Section 5 we present the category of hierarchic specifications. The composition of default specifications is done in this category: composition corresponds to the colimit in this category. To the category of hierarchic specifications corresponds a semantic counterpart: the category of structures of morphisms. Syntactic operations are reflected in dual operations in the semantic category. Finally, since for this approach to make sense the category of hierarchic specifications should have colimits, we establish sufficient conditions for their existence.
Section 6 presents an example that illustrates the definitions and results of the previous sections. In this section we present a library as an illustration of aggregation and inheritance (with exceptions) of object-oriented systems. We conclude in Section 7 by summarising the main points discussed in the paper.
Institutions and default institutions
Institutions were presented in [7] in order to formalize the informal notion of 'logical system'. A logical system is based on the relationship of satisfaction between its syntax and its semantics. Institutions, however, allow us to consider many different vocabularies at once, while traditional model theory assumes a fixed one. This vocabulary is called a signature. Within the same logical system, different signatures are related by morphisms; these morphisms together with the signatures constitute the category Ë Ò. To each signature is assigned a set of formulae, usually by the application of a set of inductive rules to a set of atomic formulae, (the symbols of the signature). This relation between the signatures and the language is expressed by a functor (Ë Ò) that displays the fact that relations between signatures are reflected in relations between the corresponding languages. Each signature has a related category of interpretation structures; this correspondence is represented by the functor ÁÒØ. Note that while the formulae are translated in the same direction as the change of notation (the direction of the signature morphism), interpretations translate in the opposite direction. This provides a way to 'reduct' interpretation structures of the target signature to interpretations of the source signature.
Informally, an institution consists of a collection of signatures and signature morphisms, together with, for each signature ¦, a collection of ¦-formulae, a collection of ¦-interpretations and a ¦-satisfaction relation which verifies a certain consistency property: a change of the signature (by a signature morphism) induces 'consistent' changes in formulae and interpretations, in a sense made explicit in the satisfaction condition below. Formally, the definition of institution is as follows. Note that Ë Ø is the category of sets and functions, Ø the quasi-category of categories 1 and functors and Ø ÓÔ the opposite category, i.e. Ñ Ò is a morphism in Ø ÓÔ iff Ò Ñ is a morphism in Ø. Given a category , represents the objects of that category and ÅÓÖ´ µ the morphisms of the same category.
Institutions enable abstracting away from syntactic and semantic detail, and provide for building large structures from smaller ones. Institutions, however, do not allow the modification of an existing specification but only the enrichment of it. In order to get a possibility of partial reuse of existing specifications, institutions are extended towards default institutions, by adding a notion of distance between interpretations [13] . Default institutions allow partial reuse of existing specification modules: a 'default' module is used as a template that can be modified by introducing specific exceptions to suit the needs of the application at hand.
The modification of a specification with an exception is denoted by ÙØ , representing that a default can be overridden by more specific properties . The semantics of ÙØ are given by selecting the models of the exception that are as close as possible to the models of the default according to the given notion of distance between interpretations.
In general, we want to compare interpretations that may be very different in nature. Therefore, we need a way to relate elements of different nature that play a similar role. This is already provided for in the framework of algebraic specifications through the use of morphisms between interpretations, the morphisms of the category ÁÒØ´¦µ (here, and in the following, ¦ is a signature). In order to compare morphisms (i.e. pairs of interpretations linked by an indication about which elements play similar roles), and give a precise meaning to 'closest', we use a pre-order ¦ among morphisms. Note that this pre-order depends on the signature. Note that this definition of default institution differs from the definition presented in [13] , where it is not included the satisfaction condition of the institutions. Schobbens did not include this condition because one of his examples did not verify it. However, we impose it as the resulting definition of default institution is a more natural extension of the institutions as presented in [7] . The presentation of the notion of default institution in Definition 2.2 also depart from the original in the way that here we emphasize the constructive nature of default institutions from the notion of institutions.
The semantics of a default and an exception are defined using the concept of (generalized) distance given by the comparison category of the default institution at hand. An interpretation Ñ is a model of ÙØ if Ñ is the domain of a minimal morphism between the morphisms whose domain satisfies and whose codomain satisfies . Note that models of ÙØ always satisfy the exception . To express this formally, some notation is explained:
1. If and are sets of formulae, ÅÓÖ´ µ is the class of morphisms whose domain satisfy and whose codomain satisfy .
2. Å Ò´ µ is class of minimal morphisms of ÅÓÖ´ µ.
Formally, the models of the but are the following:
Let and be sets of formulae over a signature ¦, and Ñ an interpretation in ÁÒØ´¦µ. Then Ñ is a model of
This simplified case is extended to the general case with several defaults with an arbitrary precedence between them in the next section, where we define hierarchic specifications.
Hierarchic specifications
In this section we present the concepts of hierarchic specifications and their semantics: the structures of morphisms. Hierarchic specifications are built from axioms, and defaults that are organized in priority levels. The semantics of these hierarchic specifications are given by a pre-order of cones of morphisms, where cones of morphisms are sets of morphisms indexed by the defaults' priority levels. These concepts are defined in the scope of an arbitrary but fixed default institution.
Syntax and semantics
A hierarchic specification consists of two parts: a set of the axioms that correspond to the facts that must hold, plus a part of defaults. The defaults are organized in priority levels, and they express properties that are likely to be true but can be overridden by other information, either by the axioms or by defaults with a higher priority. In our formalisation, to lower levels of the partial order correspond defaults with higher priority, i.e. we prefer to satisfy defaults lower in the ordering. This definition of hierarchic specification can also be found in [2] and [5] . We restrict the partial order that organizes the priority levels to well-founded partial orders: a partial order´Ä µ is well-founded if it has no infinite descending chains Ð Ð ½ Ð ¼ , where is the corresponding strict partial order. Recall that concepts are defined in the scope of an arbitrary but fixed default institution Á ´Á ÓÑÔµ. An example of a hierarchic specification will be presented in Section 6.
A hierarchic specification is a tuple Ë ¦ ´Ä µ ¨µ wherē
Ë Ò´¦µ is a set of formulae whose elements are called axioms;´Ä µ is a well-founded partial order;¨i s a function assigning to each priority level Ð ¾ Ä a set of formulae¨´Ðµ Ë Ò´¦µ;
the formulae in¨´Ðµ form the set of defaults of that level.
The projections × ´Ëµ ¦ , Ü´Ëµ and ÔÓ´Ëµ Ä µ assign to a hierarchic specification Ë respectively its signature, its set of axioms and its partial order. We represent by ´Ë Ðµ the set of defaults of the specification Ë at level Ð,¨´Ðµ, where Ð ¾ Ä.
The semantics of hierarchic specifications are classes of cones of morphisms, where each morphism corresponds to a level of the partial order of priority. All morphisms of a cone have the same domain, and each codomain satisfies a set of defaults, namely the set corresponding to the same priority level of the index of that morphism. Since every morphism in a cone of morphisms has the same domain, we say that the domain of the morphisms that form a cone is the domain of that cone. We use this notion of cones of morphisms to define the semantic counterpart of hierarchic specifications. ÓÒ × is a class of´¦ Ä µ-cones of morphisms.
The projections × ´ µ ¦ , ÔÓ´ µ Ä µ, and ÓÒ´ µ ÓÒ × assign to a structure of morphisms its signature, its partial order, and the class of cones of morphisms, respectively.
To each structure of morphisms is associated a pre-order on the cones of that structure Ú ÓÒ × ¢ ÓÒ ×.
DEFINITION 3.4 Let
be a ¦-structure of morphisms and ¦ the pre-order of the underlying default institution. The associated pre-order on the cones of morphisms of this structure Ú ÓÒ´ µ ¢ ÓÒ´ µ is defined as follows. If Ð Ð¾Ä and ¼ Ð Ð¾Ä are cones in then
This way of combining the two pre-orders involved is called lexicographic because it is similar to the lexicographic ordering of words in a dictionary. The pre-order between the morphisms ¦ of the underlying default institution corresponds to the order of the letters in the alphabet; the partial order´Ä µ corresponds to the position of the letter in the word.
This pre-order is the basis of the semantics of the generalisation of but, where the concept of morphism is replaced by family of morphisms.
The structure of morphisms induced by a hierarchic specification consists of all the possible cones of morphisms where the domain satisfies the axioms of the specification, and for each priority level Ð, the codomain of the morphism that corresponds to the level Ð satisfies the set of defaults corresponding to the same priority level. Having defined the semantics of hierarchic specifications as their structure of morphisms, we can now see how to assign a hierarchic specification to a structure of morphisms. If is a structure of morphisms, we call the hierarchic specification that it induces, denoted by £ , its theory. Moreover, if Ë is a hierarchic specification, the hierarchic specification assigned to Ë £ (the hierarchic specifications Ë ££ ) should be the theory of Ë. This theory is the biggest hierarchic specification among such specifications with the same semantics. It has the same signature and the same partial order as the structure of morphisms that originates it. The set of axioms is the (classical) theory of the domains of the morphisms in the structure; for each priority level, the set of defaults is the (classical) theory of the codomain of morphisms corresponding to that level. The formal definition of the hierarchic specification induced by a structure of morphisms is as follows:
The hierarchic specification induced by a structure of morphisms , denoted £ , is the specification with: the same signature as , × ´ £ µ × ´ µ; the same partial order as , ÔÓ´ £ µ Ô Ó µ; Ü´ £ µ ÓÑ´ µ there is a cone ÓÒ ¾ ÓÒ´ µ ¾ ÓÒ ¯; ´ £ Ð µ Ó ÓÑ´ µ there is a cone ÓÒ ¾ ÓÒ´ µ ¾ ÓÒ is indexed by Ð ¯.
In a similar way to what is done in the classical case, we can also define closure of hierarchic specifications and their semantics by applying these functions £ twice.
The closure of a ¦-hierarchic specification Ë is the ¦-hierarchic specification Ë ££ , which is also called the theory of Ë. A ¦-hierarchic specification is closed iff Ë Ë ££ . The closure of a ¦-structure of morphisms is the ¦-structure or morphisms ££ . A ¦-structure of morphisms is closed iff ££ .
This notion of closure of a hierarchic specification is the counterpart of the notion of theory of a presentation in the classical case. If is a set of formulae, the classical closure of , its theory, is the biggest set of formulae that have the same semantics of . In an analogous way, the closure of a hierarchic specification is the biggest hierarchic specification having the same semantics as the given one, i.e. the one with more axioms and more defaults for each of the priority levels.
Some models of the axioms of a specification are better than others, depending on the way they are related via the morphisms between them and the models of the defaults. This notion of ordering depends on the underlying pre-order category ÓÑÔ´¦µ given by the default institution. The best models are the models of the specification where an interpretation is a model of a hierarchic specification iff it is the domain of a minimal cone of morphisms.
DEFINITION 3.7
Given a ¦-hierarchic specification Ë, an interpretation Ñ ¾ ÁÒØ´¦µ is said to be a model of the specification, written Ñ Ë, iff there is a´× ´Ëµ ÔÓ´Ëµµ-cone of morphisms ÓÒ ¾ ÓÒ´Ë £ µ such that ÓÒ is Ú Ë £-minimal and Ñ is the domain of the morphisms in ÓÒ.
Semantics for modularity
In the previous section we defined the modularisation units for specifications and their semantics: hierarchic specifications and structures of morphisms. From them, notions of closures and theory were displayed. However, an important property of the semantics is the fact that the semantics of the union of hierarchic specifications depend only on the semantics of each argument specification. This is an important property of any theory for modularisation: the syntactical constructions must have a corresponding semantic construction. In the classical case, a Galois connection ensures that this is true. In this section we also display a Galois connection relating the syntactical and semantic constructions of hierarchic specifications. This generalizes the corresponding property of classical presentations and means that relations between hierarchic specifications ('inclusions') are mirrored by relations between the corresponding semantics ('inclusions' in the opposite direction). Moreover, operations among hierarchic specifications (unions and intersections) are also mirrored by operations among the corresponding semantics.
Category of partial orders
The expressive power of the composition of different modules results from the way in which the partial orders of priority are combined. Different applications of combining specifica-tions demand different forms of organising the defaults. For example, if different hierarchic specifications correspond to objects of an object-oriented specification, then the forms of combination we are interested in preserve the structure of the partial orders. When merging objects, we can give them unrelated priority levels, where all the objects have the same priority. Alternatively, if we want to model inheritance of objects then the more specific object has greater priority than the more general one.
Another example of composition is the feature addition to specifications [10] . When we add a feature to a specification we want the resulting system to verify the feature constraints and as much of the initial system as possible. Therefore, the defaults of the feature have higher priority than the defaults of the initial specification, and the defaults of the feature are assigned to the lowest level of the partial order of priority.
In these examples, the structure of each of the component specification is preserved: the specifications are put side by side, or one on the top of the other. Nevertheless, other applications of defaults show that sometimes we want to add intermediate levels in the partial order. As an example, consider the software development process. Revisions arise inherently in the software process, and may also be taken as a design methodology. Therefore, we understand the combination of specifications as the addition of syntactic entities such as axioms, defaults and priority levels. However, we reject the possibility of identifying levels that were strictly related. This definition of morphism between partial orders is exactly the one considered in [5] .
The category È ÖØ of partial orders consists of:
Objects: Partial Orders.
Morphisms: A partial order morphism
This notion of morphism is stronger than the usual notion of morphism between partial orders. From now on, when we refer to partial order morphisms we refer to morphisms in this category È ÖØ.
Galois connection
In this section a Galois connection between hierarchic specifications and their semantics is presented. This is a generalisation of the Galois connection of the classical case, and it ensures that when combining specifications, the semantics of the resulting specification depend only on the semantics of the components. This Galois connection can be generalized towards an adjunction between the categories of hierarchic specifications and structures of morphisms [9] .
In order to compare hierarchic specifications (or structures of morphisms) with different partial orders (although they must have the same signature), we consider a partial order morphism between the partial orders. This Galois connection is equivalent to the existence of an adjunction between pre-orders of hierarchic specifications and pre-orders of structures of morphisms. These pre-order categories ÈÖ ËÔ and ÈÖ ÓÒ have as objects the hierarchic specifications and the closed structures of morphisms respectively, and the morphisms correspond to the notion of inclusion defined below. The notions of 'union' and 'inclusion' correspond to the categorical constructions of colimit and limit. 
££
Let be a ¦-cone of morphisms. We prove that ££ . We take to be identity in ÔÓ´ µ. We have to prove that if ¾ ÓÒ Ð´ µ then ¾ ÓÒ Ð´ ££ µ.
Composition of Default Specifications 569
The following properties are a consequence of the Galois connection.
PROPOSITION 4.5
Let Ë and Ë Ò be ¦-hierarchic specifications, and and Ò be ¦-structure of morphisms, for each Ò ¾ AE. Then:
Putting theories together
Modularity is an important concept in the development of specifications. In the previous section we discussed hierarchic specifications and their semantics. In this section we extend this theory to allow composition of specifications, in order to get the desired levels of modularity. Formal tools for this purpose can be borrowed from category theory. The idea is to use theory presentations as modularisation units and then 'put theories together to make specifications'. This is done by taking the colimit of the diagram that shows how to interconnect the specifications that we want to compose. Hence, we have to build the required category of specifications, i.e. we have to provide a notion of morphism between theory presentations, and prove when such colimits can be computed. The formalisation presented here generalizes the composition of presentations developed in [7] to hierarchic specifications, and is inspired by the work on composition of hierarchic specifications presented in [2] and in [5] .
Category of specifications
In this section we present the category of hierarchic specifications. The objects of this category are the hierarchic specifications defined in Section 3. Morphisms are structurepreserving mappings that establish the relationship that must exist between two specifications so that one of them may be considered as a component of the other. This relationship consists of a translation between the languages of the two descriptions (a signature morphisms) and a mapping between the partial orders of priority (a partial order morphism) such that the 'theorems' of one of them are translated to 'theorems' of the second one. By this we mean that the (classical) consequences of the axioms of one of the specifications must be translated in consequences of the axioms of the other one. For the defaults, and since they are organized in priority levels, we impose that the consequences of the defaults of one priority level Ð must be mapped into consequences of defaults of the priority level into which Ð is mapped.
The category Spec of hierarchic specifications consists of:
Objects: All hierarchic specifications.
Morphisms:
A hierarchic specification morphism´ µ Ë ½ Ë ¾ from a ¦ ½ -hierarchic specification Ë ½ to a ¦ ¾ -hierarchic specification is: We defined a morphism between hierarchic specifications Ë ½ and Ë ¾ as a pair signature/partial order morphism that induces a property of preserving translation, i.e. such that the consequences of the axioms of Ë ½ are mapped into consequences of the axioms of Ë ¾ and the same for defaults, taking into consideration the levels of priority to which they belong and the mapping of these priority levels. Because proving the existence of a morphism in this way requires derivation of an infinite set of assertions, we would also like to be able to conclude the existence of a morphism between two specifications by checking only that the axioms/defaults of the source specification are translated to theorems of the target specification. This is in fact possible [9] , and it corresponds to what is called presentation lemma in the classical case.
Category of structures of morphisms
In this section we define the category of structures of morphisms. The objects of this category are closed structures of morphisms as defined previously. Morphisms are mappings that preserve the structure of the cones of the structures. As only closed structures of morphisms are considered, we can know all the cones that compose the structure of morphisms by saying which morphisms are there to construct the cones. Hence, we can ensure this preservation of structures by imposing that reducts of morphisms in the domain structure are in the codomain structure.
DEFINITION 5.2
The category Con of structures of morphisms consists of:
Objects: All structures of morphisms that are induced by a hierarchic specification, i.e. all the closed structures of morphisms.
Morphisms: A morphism´
µ ¾ ½ from a ¦ ¾ -structure of morphisms to a ¦ ½ -structure of morphisms is: 
Syntax and semantics
The syntax and the semantics of hierarchic specifications are related by a pair of functors:
Ë Ñ ËÔ ÓÒ ÓÔ , which associates to a hierarchic specification its semantics, and ËÝÒ ÓÒ ÓÔ ËÔ , which associates to a structure of morphisms its theory. The fact that they are functors is a consequence of the following lemma.
LEMMA 5.3
There is a ËÔ morphism´ µ Ë ½ Ë ¾ iff there is a ÓÒ morphism´ µ Ë £ The construction of hierarchic specifications from smaller parts is formalized by the colimit of the diagram that shows how to interconnect the specifications we want to compose. To constructions in the category of hierarchic specifications ËÔ correspond co-constructions in the semantic category ÓÒ. The image by Ë Ñ of a colimit in ËÔ is a limit in ÓÒ, and the image by ËÝÒ of a limit in ÓÒ is a colimit in ËÔ . Hence, combinations of hierarchic specifications have associated combinations of structures of morphisms. Moreover, the condition for existence of colimits in ËÔ and limits in ÓÒ are the same. This is stated in the following proposition.
PROPOSITION 5.5
The image by Ë Ñ of a colimit in ËÔ is a limit in ÓÒ and the image by ËÝÒ of a limit in ÓÒ is a colimit in ËÔ .
PROOF. This is a consequence of Lemma 5.3.
Note that to each colimit in ËÔ there is a corresponding limit in ÓÒ involving the semantics of the component hierarchic specifications. Hence, when we put several specifications together, the semantics of the resulting specification can be obtained by combining the semantics of its arguments.
Existence of constructions
Large specifications are built from smaller ones by taking the colimit of the smaller theories. Therefore, we have to establish the conditions for these colimits to exist. In this section we show sufficient conditions for the existence of these colimits. Colimits in ËÔ and limits in ÓÒ are obtained by lifting colimits in the categories of signatures Ë Ò and partial orders È ÖØ. Therefore, the existence of constructions depends on the existence of the corresponding constructions in the categories Ë Ò and È ÖØ. È ÖØ is not cocomplete. As a result, ËÔ is not cocomplete and ÓÒ is not complete. In fact, when Ë Ò is cocomplete, the non-existence of colimits in È ÖØ is the only reason why those constructions may not exist. PROPOSITION 5.6 Let be a diagram in ËÔ . Then has a colimit in ËÔ if the category Ë Ò of signatures is cocomplete and the diagram È AE has a colimit in È ÖØ, where È is the forgetful functor È ËÔ È ÖØ that sends each hierarchic specification Ë to its partial order of priority ÔÓ´Ëµ and each ËÔ morphism´ µ Ë ½ Ë ¾ to the partial order morphism ÔÓ´Ë ½ µ ÔÓ´Ë ¾ µ.
The existence of limits in ÓÒ depends on the structure of the underlying category Ë Ò; it is necessary the existence of limit in Ë Ò so that the symbols that are used in the axioms and defaults in the result specification exist. The existence of constructions also depends on the existence of a partial order that expresses the combination of the partial orders of the specifications argument of the construction. PROPOSITION 5.7 Let be a diagram in ÓÒ. Then has a limit in ÓÒ if the category Ë Ò of signatures is cocomplete and the diagram É AE has a colimit in È ÖØ, where É is the forgetful functor É Ó Ò È ÖØ that sends each structure of morphisms to its partial order of priority ÔÓ´ µ and each ÓÒ morphism´ µ ½ ¾ to the partial order morphism ÔÓ´ ¾ µ ÔÓ´ ½ µ.
Specialization and aggregation: a library
Object-orientation has been commonly accepted as having several advantages in the specification of software systems. One of the requirements of object-orientation is the support for operations that allow us to build the description of a more complex object from the description of its components. An essential mechanism to object-orientation is inheritance [3, 4] , i.e. a mechanism to put objects together and setting-up communities of interacting objects. Inheritance corresponds to the construction of a new specification by the reuse of some previously defined specification. It includes specialization, and aggregation. For example, a saving account is a specialization of an account in this sense; it may have more specific behaviour but it should be possible to recognize a simple account there if we forget the additional features.
The classical composition can only formalize a monotonic form of inheritance, where more properties are added to the original specification. However, from a specification point of view, inheritance implies a non-monotonic mechanism. For example, not everything that is said about an account holds for saving accounts. Non-monotonicity is needed whenever we have inheritance with exceptions (overriding), as it was pointed in [4, 14] .
In this section we consider an example of a library with books. This example was adapted from [14] , as an illustration of non-monotonic inheritance in object-oriented specifications. However, the specification presented here is different, as we use non-monotonic inheritance which is not available in [14] . In this example we are interested in showing this nonmonotonic inheritance, and we are less concerned with the structure of the specification. We use the temporal default institution presented in [8] , where the language is that of linear propositional temporal logic. The signatures of this default institution are pairs of sets, one giving the action symbols and the other the attribute symbols.
Consider a library with books. Each book in the library can be available to be taken by a user. We have an attribute symbol Ú Ð Ð whose intended meaning is that the book is available for borrowing. Among the actions of book we may consider Ø Ò and Ö ØÙÖÒ . For instance, the occurrence of the action Ø Ò is supposed to mean that at that point the book was taken out by a user; when the book is taken it stops being available. Clearly, that action may only happen in a state where the book is available. In this case, the book is not Ú Ð Ð until it is Ö ØÙÖÒ . Hence, the specification of a book Book is the following. Note that we represent the specification as Book (in bold) and the signature as Book.
The signature is ÓÓ ´ ÓÓ Ø ÓÓ ØØ µ where:
ÓÓ ØØ Ú Ð Ð and
The set Ü´ ÓÓ µ of the axioms is the empty set . The partial order ÔÓ´ ÓÓ µ has only one element Ä Ð ½ to which all the defaults are assigned.
The defaults ´ ÓÓ Ð ½ µ are the following:
In this specification, axioms 1b and 2b give the enabling conditions for the actions Ø Ò and Ö ØÙÖÒ to happen; if an action Ø Ò occurs then the book has to be available. Axioms 3b and 4b describe the effects of those actions, and axioms 5b and 6b say that the value of Ú Ð Ð should not change if no action occurs. These two last axioms could be avoided by considering locality as in [6] , by restricting the interpretations considered.
Books in a library can be reserved books, having the added property of the so-called reserved-books that may not be taken out of the library. In this case, when the book is ×Ù×Ô Ò , it stops being available even if it was not taken by a user. Reserved books should not be available until Ö ×ÙÑ , that is to say when they stop being reserved. Reserved books can be seen as a specialization of books, but where some default behaviour is overridden. Hence, we would like to consider the following formulae as exceptions to the specification of the book. The specification Resbook that we want to add to the specification of book is the following:
The signature is Ê × ÓÓ ´Ê × ÓÓ Ø Ê × ÓÓ ØØ µ where:
Ê × ÓÓ ØØ Ó Ó ØØ and Ê × ÓÓ Ø Ó Ó Ø ×Ù×Ô Ò Ö ×ÙÑ .
The set of the axioms Ü´Ê × ÓÓ µ is the empty set . The partial order ÔÓ´Ê × ÓÓ µ has only one element Ð ¾ to which all the defaults are assigned.
The defaults ´Ê × ÓÓ Ð ¾ µ are the following:
In order to get the specification of reserved books we compose these two specifications in such a way that signature morphisms are inclusions and the defaults are organized in a way that the defaults of the reserved book have higher priority than the defaults of the book. This results in the following hierarchic specification Ê :
Ê × ÓÓ Ø Ø Ò Ö ØÙÖÒ ×Ù×Ô Ò Ö ×ÙÑ and Ê × ÓÓ ØØ Ú Ð Ð .
The set of the axioms is the empty set .
The partial order´Ä µ is such that Ä Ð ½ Ð ¾ where Ð ¾ Ð ½ .
The defaults are organized in the following way:
-¨´Ð ½ µ 1b,2b,3b,4b,5b,6b ; -¨´Ð ¾ µ 1r,2r,3r,4r,5r,6r,7r .
The models of the reserved book are exactly the models we wanted, i.e. an interpretation Ñ ¾ ÁÒØ´Ê × ÓÓ µ is a model of Book but Resbook iff Ñ satisfies the specification Resbook, Ø Ò occurs only when the book is Ú Ð Ð and it causes Ú Ð Ð to become false (and the reverse for Ö ØÙÖÒ ). The truth-value of Ú Ð Ð changes or stays the same as expected. This specification of the reserved book built from the book is an example of a specialization relationship. Furthermore, we can also impose the interactions that may exist between different objects. For example, when a book is taken we know that a user takes it. To this end, it is important to consider aggregation aspects, such as the composition of a book and a user where the interactions between that book and that user are to be specified. The specification User of a user is the following:
The signature is Í× Ö ´Í× Ö Ø Í× Ö ØØ µ where:
Í× Ö Ø Ø × Ö ØÙÖÒ× and Í× Ö ØØ ÓÖÖÓÛ× .
The set of axioms Ü´Í× Öµ is the empty set . The partial order ÔÓ´Í× Öµ has only one point Ð ¿ .
All the default are assigned to the only point in the partial order. The interaction between objects are expressed by morphisms: two objects interact by sharing some other objects. In order to define the interaction between the (reserved) book and the user, it is necessary to define the object that will be shared between them. That intermediary specification has one action that corresponds to the Ø Ò of the book and to the Ø × of the user, and other action to synchronize Ö ØÙÖÒ with Ö ØÙÖÒ×. Therefore, the intermediary specification Ë is the following: With respect to the action symbols, these morphisms map, respectively, Ø to Ø Ò and Ø ×, and Ö ØÙÖÒ to Ö ØÙÖÒ and Ö ØÙÖÒ×. That is to say, we obtain in the colimit only one symbol for the action of taking a book, which was identified in the reserved book with Ø Ò, and in the user with Ø ×. The same applies to the action of returning a book, which corresponds to Ö ØÙÖÒ in the book, and Ö ØÙÖÒ× in the user. This means that the objects synchronize at the shared actions of taking and returning the book. The joint behaviour of a (reserved) book and a user interacting in this way is given by the colimit of the following diagram.
This colimit returns the description of the minimal object that contains the other ones as sub-objects, respecting their interaction as given by the morphisms. The signature of this complex object consists of the colimit of the signatures of the component objects: essentially, we take the union of the signatures of the objects after having renamed the symbols in each signature taking into account the sharing of symbols imposed by the morphisms.
With respect to the attribute symbols, note that the interaction morphisms do not identify the attribute symbols. Hence, we obtain different symbols in the colimit. These actual names are not important as the colimit is obtained up to isomorphism.
Since none of the specifications have axioms, the new description does not have any axioms either. The partial order has three points related as in the diagram below. To the point Ð ½ are assigned the formulae that describe the book, to Ð ¾ the extra formulae specific of the reserved book and Ð ¿ the user, translated according to the signature morphisms. 
Concluding remarks
In this paper we have presented a framework for structured specifications with exceptions. We developed a theory of composition of default specifications that generalizes the classical theory of composition of presentations [7] . The ability of composing specification modules in a non-monotonic way, allowing defeasibility and overriding ameliorate modularity and reusability of specifications. A theory of composition of hierarchic (default) specifications is independent of the underlying logic, and it provides compositional constructs for supporting modular development of specifications written in an arbitrary logical system. The semantics are given by default institutions [13] . Composition is formalized through the use of appropriate categories, both syntactically and semantically. In this way, composition is not sensitive to the particular way specifications are written but only to their meaning.
As an example, the theory of composition developed is used to assist object-oriented systems development. In the adopted formalism, objects are described through hierarchic specifications. With respect to the structuring of object descriptions, the well-known categorical way of using colimits of diagrams to aggregate components (objects) along designated interconnections was used. Here, however, inheritance with overriding and non-monotonic aggregation are available, allowing the description of the system in a more compact way.
We would like to explore the ideas presented here in several application of software engineering, in particular to the specification of 'Commercial Off-The-Shelf' (COTS) based systems. Building systems from off-the-shelf components is a type of software re-use where components are bought from third party developers and then integrated into the system. Several problems of the specification of COTS-based systems seems to benefit from the use of defaults and compositional mechanisms. Further work is needed in order to assess its real applicability.
